
Polynomial Vector Fields in the Plane

{
ẋ = P(x , y)

ẏ = Q(x , y)
P,Q ∈ R[x , y ]
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Examples:
• (v , a) = (ẋ , v̇) = (v ,Q(x , v)) in mechanics
• (u̇, i̇) = (P(u, i),Q(u, i)) in electricity
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Limit Cycles

limit cycle = isolated periodic orbit

(For example, (ẋ , ẏ) = (−y , x) produces a continuum of periodic orbits but no
limit cycles!)
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Van der Pol oscillator

{
ẋ = y

ẏ = µ(1 − x2)y − x
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ẏ = µ(1 − x2)y − x

2



Limit Cycles

limit cycle = isolated periodic orbit
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Hilbert’s 16th Problem

Hilbert’s 16th problem (second part)

For a given integer n, what is the maximum number H(n) of limit cycles a
polynomial vector field of degree at most n in the plane can have?

D. Hilbert, International Congress of Mathematicians, Paris, 1900

• 1923: H. Dulac (incorrectly) proved that a
single polynomial vector field has a finite
number of limit cycles

• 1981: Y. S. Il’Yashenko found a major gap
in Dulac’s proof

• 1991: New proofs of Dulac’s result by Y.
S. Il’Yashenko and J. Écalle

• But even H(2) < ∞ is open!

• Some lower bounds: H(2) ≥ 4,
H(3) ≥ 13, H(4) ≥ 28.
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Infinitesimal Hilbert’s 16th Problem
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H(x , y) = (x2 − 0.9)2 + (y2 − 1.1)2

ẋ = −∂yH(x , y) = 4y(y2 − 1.1)

ẏ = ∂xH(x , y) = 4x(x2 − 0.9)

T. Johnson, A quartic system with twenty-six

limit cycles, Experimental Mathematics, 2011

• Z(n) < ∞ for all n

• Pessimistic upper bounds
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ẏ = 4x(x2 − 0.9)

− 0.4y + 0.46x2y

T. Johnson, A quartic system with twenty-six

limit cycles, Experimental Mathematics, 2011

• Z(n) < ∞ for all n

• Pessimistic upper bounds

4



Infinitesimal Hilbert’s 16th Problem

0.4 0.6 0.8 1 1.2 1.4

0.6

0.8

1

1.2

1.4

x

y H(x , y) = (x2 − 0.9)2 + (y2 − 1.1)2
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perturbed Hamiltonian vector field of
the form:ẋ = −∂yH(x , y) + εf (x , y)
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• H(x , y) a polynomial potential
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A Fundamental Tool: the Poincaré-Pontryagin Theorem
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• Poincaré first return map P(h)

• Displacement d(h) = P(h)− h

• Limit cycle ⇔ isolated zero of d

• Abelian integral I(h):

∮
H−1(h)

f (x , y)dy − g(x , y)dx

ẋ = −∂yH(x , y) + εf (x , y)

ẏ = ∂xH(x , y) + εg(x , y)

Poincaré-Pontryagin theorem
The Abelian integral I(h) approximates the
displacement function d(h) for small ε:

d(h) = ε(I(h) + O(ε)) when ε → 0

limit cycles ≡ changes of sign of I(h) ≡ simple zeros of I(h)
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ẏ = ∂xH(x , y) + εg(x , y)

Poincaré-Pontryagin theorem
The Abelian integral I(h) approximates the
displacement function d(h) for small ε:

d(h) = ε(I(h) + O(ε)) when ε → 0

limit cycles ≡ changes of sign of I(h) ≡ simple zeros of I(h)

5



A Fundamental Tool: the Poincaré-Pontryagin Theorem

0.9 1 1.1 1.2 1.3
0.9

1

1.1

1.2

hP (h)P 2(h)P 3(h)

x

y

• Poincaré first return map P(h)

• Displacement d(h) = P(h)− h

• Limit cycle ⇔ isolated zero of d

• Abelian integral I(h):

∮
H−1(h)

f (x , y)dy − g(x , y)dx
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A Pseudo-Hamiltonian Quartic System

• Hamiltonian system:ẋ = −4y(y2 − 1.1)

+ εf (x , y)

ẏ = 4x(x2 − 0.9)

+ εg(x , y)

• same geometric orbits after
rescaling

• ≃ perturbations without rescaling:
f (x , y)

y
,
g(x , y)

y
∈ ⟨x iy j , i ≥ 0, j ≥ −1, i+j ≤ 3⟩

Generalized Poincaré-Pontryagin theorem
The generalized Abelian integral:

I(h) =
∮
H−1(h)

f (x , y)dy − g(x , y)dx
y

approximates the displacement function
d(h) for small ε:

d(h) = ε(I(h)+O(ε)) when ε → 0

−1 0 1

−1

0

1

x

y

⇒ Maximize the number of zeros of I(h)
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Challenge for Abelian Integrals

polynomial or rational functions∫
Γ(h)

P (x , y)dy − Q (x , y)dx
oval H(x, y) = h with H polynomial or rational

GOALS:

◦ Find the coefficients of P and Q

◦ High accuracy evaluation in good complexity

◦ Rigorous and tight error bounds

◦ Certified implementation in a proof assistant
e.g., T. Johnson, 2011: H(4) ≥ 26

\\ 22

→ 24

(Bréhard, Brisebarre, Joldes, Tucker)

Credit: T. Johnson

7
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Choice of Perturbations

f (x , y) = 1 x y x2 xy

y2 x3 x2y xy2 y3

x4 x3y x2y2 xy3 y4

g(x , y) = 1 x y x2 xy

y2 x3 x2y xy2 y3

x4 x3y x2y2 xy3 y4

• integrable perturbations: ∂x
f (x,y)

y
= 0, ∂y

g(x,y)
y

= 0.

• Green-Riemann: ∂x
f (x,y)

y
∝ ∂y

g(x,y)
y

• symmetry conditions
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Numerically Optimizing the Number of Zeros

• Find coefficients of I(h) = α00I00(h) + α20I20(h) + α22I22(h) + α40I40(h) + α04I04(h).

−0.5 −0.45 −0.4 −0.35 −0.3 −0.25
−6

−5

−4

−3

−2

−1

0

1

2

3

4

h

x2y2

y4

1

x2

x4

α00 = -0.78622148667854837664
α20 = 0.87723523612653436051
α22 = 1
α40 = 0.23742713894293038223
α04 = -0.21823846173078863753

−0.5 −0.45 −0.4 −0.35 −0.3 −0.25
−2

−1

0

1

2

(×10−4)

h

-0.315 -0.310 -0.305
−1

−0.5

0

0.5

1
(×10−7)

h

4 × 5 + 2 × 2 = 24

9



Numerically Optimizing the Number of Zeros

α00 = -0.78622148667854837664
α20 = 0.87723523612653436051
α22 = 1
α40 = 0.23742713894293038223
α04 = -0.21823846173078863753

−0.5 −0.45 −0.4 −0.35 −0.3 −0.25
−2

−1

0

1

2

(×10−4)

h

-0.315 -0.310 -0.305
−1

−0.5

0

0.5

1
(×10−7)

h

4 × 5 + 2 × 2 = 24

9



Numerically Optimizing the Number of Zeros

α00 = -0.78622148667854837664
α20 = 0.87723523612653436051
α22 = 1
α40 = 0.23742713894293038223
α04 = -0.21823846173078863753

−0.5 −0.45 −0.4 −0.35 −0.3 −0.25
−2

−1

0

1

2

(×10−4)

h

-0.315 -0.310 -0.305
−1

−0.5

0

0.5

1
(×10−7)

h

4 × 5 + 2 × 2 = 24

9



Numerically Optimizing the Number of Zeros

α00 = -0.78622148667854837664
α20 = 0.87723523612653436051
α22 = 1
α40 = 0.23742713894293038223
α04 = -0.21823846173078863753

−0.5 −0.45 −0.4 −0.35 −0.3 −0.25
−2

−1

0

1

2

(×10−4)

h

-0.315 -0.310 -0.305
−1

−0.5

0

0.5

1
(×10−7)

h

4 × 5 + 2 × 2 = 24 9



Computing Abelian Integrals

H(x , y) = (x2−0.9)2+(y2−1.1)2
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I(h) =
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g(x, y)
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(
g(x, yup(x))

yup(x)
− g(x, ydown(x))

ydown(x)

)
dx

+
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ymin

(
g(xleft(y), y)

xleft(y)
+

g(xright(y), y)

xright(y)

)
y2 − 1.1√

r2 − (y2 − 1.1)2
dy .
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