A Fundamental Tool: the Poincaré-Pontryagin Theorem

1.2

Poincaré first return map P(h)

L1} Displacement d(h) = P(h) — h

Limit cycle < isolated zero of d

Abelian integral Z(h):

f f(x,y)dy — g(x,y)dx
H=1(h)

Poincaré-Pontryagin theorem

The Abelian integral Z(h) approximates the
x = —0,H(x,y) +ef(x, y) displacement function d(h) for small :

y = 0H(x,y) +eg(x,y) d(h) = £(Z(h) + O(c))  when e —0

limit cycles = changes of sign of Z(h) = simple zeros of Z(h)



A Pseudo-Hamiltonian Quartic System

e Hamiltonian system:

x=—4y(y* —1.1)
y = 4x(x* - 0.9)
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A Pseudo-Hamiltonian Quartic System

e pseudo-Hamiltonian system:

X = —4yy(y2 —1.1) +ef(x,y)
y = 4yx(x* = 0.9) +eg(x,y)

e same geometric orbits after
rescaling

e ~ perturbations without rescaling:
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A Pseudo-Hamiltonian Quartic System

e pseudo-Hamiltonian system:

x = —4yy(y* — 1.1) +ef(x,y)
y = 4yx(x* —0.9) +eg(x,y)
e same geometric orbits after
rescaling

e ~ perturbations without rescaling:
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Generalized Poincaré-Pontryagin theorem
The generalized Abelian integral:

I(h) — ﬁ_l(h) f(X7y)dy;g(X7Y)dX

approximates the displacement
function d(h) for small e:

d(h) = e(Z(h) + O(e)) when e — 0 6



A Pseudo-Hamiltonian Quartic System

e pseudo-Hamiltonian system:

X = —4yy(y2 —1.1) +ef(x,y)
y = 4yx(x* = 0.9) +eg(x,y)

e same geometric orbits after

rescaling

e - perturbations without rescaling:
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Generalized Poincaré-Pontryagin theorem
The generalized Abelian integral:

I(h) = 7{ f(x,y)dy — g(x, y)dx ]
H=1(h) y ! ’

1

approximates the displacement = Maximize the number of zeros of Z(h)

function d(h) for small e:

d(h) = e(Z(h) + O(e)) when e — 0



Challenge for Abelian Integrals

polynomial or rational functions

f (X7.y)dy_ g (X,_y)dX

oval H(x,y) = h with H polynomial or rational

r(h)
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polynomial or rational functions

f (X7.y)dy_ g (X,_y)dX

oval H(x,y) = h with H polynomial or rational

r(h)

GOALS:
o Find the coefficients of f and g
o High accuracy evaluation in good complexity

o Rigorous and tight error bounds



Challenge for Abelian Integrals

polynomial or rational functions

f (X7.y)dy_ g (X,_y)dX

oval H(x,y) = h with H polynomial or rational

r(h)
GOALS:
o Find the coefficients of f and g of

o High accuracy evaluation in good complexity

o Rigorous and tight error bounds

o Certified implementation in a proof assistant .
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Credit: T. Johnson
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Challenge for Abelian Integrals

polynomial or rational functions

f (X7.y)dy — 8 (X,_y)dX
r(h) oval H(x,y) = h with H polynomial or rational
GOALS:

o Find the coefficients of f and g of

o High accuracy evaluation in good complexity

o Rigorous and tight error bounds

o Certified implementation in a proof assistant oG /

e.g., T. Johnson, 2011: H(4) > 2@22 — 24 0506 o502 05 -04ss
(Bréhard, Brisebarre, Joldes, Tucker) Credit: T. Johnson
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fx,y) = 1 x y x* xy



Choice of Perturbations

fx,y) = 1 x vy x* xy

gxy) = 1 x vy X xy
y2 X3 X2y Xy y3
X4 X3)/ X2y2 Xy y4
e integrable perturbations: o) — o, (%M =0.

y y



Choice of Perturbations

f(Xv)/) = X X Xy
2

glx,y) = 1 x?
y2 X3 Xy y3
! X2 B

e integrable perturbations: Oy f(fv’y) =0, 8yg(xy’” =0.




Choice of Perturbations

f(Xv)/) = X X Xy

X X3y X2y x)B

glx,y) = 1 x x?
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e integrable perturbations: Oy~ ’y =0, 9,4 ’Y) =0.
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Choice of Perturbations

flx,y) = X X

X X3y X2y x)B
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Choice of Perturbations

f(x,y) = X x?

X 3y x? xS

glx,y) = 1 x x?
y2 X3 Xy )/3
X4 X2y2 Xy3 )/4

e integrable perturbations: Oy~ ’y =0, 9,4 ’Y) =0.

e Green-Riemann: dxf(xy” dyg(;y



Choice of Perturbations

f(x,y) = X x?
X3
4
gxy) = 1 s
y2 X3 Xy2 y3
X X2y xy3

e integrable perturbations:

] o f(x, .
e Green-Riemann: dx% oc 0, &2



Choice of Perturbations

fix,y) = X x?
X3
x4
gry) = 1 x2
y? y?
x4 X2y? xy®

e integrable perturbations: 8,2 — 0, 9,8 — @
e Green-Riemann: 8X¥ x ayM

e symmetry conditions




Choice of Perturbations

f(x,y) =
_ 2
gx,y) = 1 X
y2
A 5 4
e integrable perturbations: Oy f(fv’y) =0, 8yg(xy’” =0.
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Choice of Perturbations

f(x,y) =
2
gx,y) = 1 X
2
y
V! e vt
e integrable perturbations: Oy f(fv’y) =0, 8yg(xy’” =0.
e Green-Riemann: 8X¥ x ay@

e symmetry conditions
e linear dependence due to the specific form of the potential function



Choice of Perturbations

f(x,y) =
2
glx,y) = 1 X
! e vt
e integrable perturbations: Oy f(fv’y) =0, 8yg(xy’” =0.
e Green-Riemann: 8X—f(xy"” o ay—g(fv’”
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Choice of Perturbations

f(Xv)/) =

N

glx,y) = 1 X

X X"y y

fay) _ o, ayg(XJ) —0.

y f—
. o f(x, , ;
Green-Riemann: dx% x dy@

e integrable perturbations: Oy

e symmetry conditions
e linear dependence due to the specific form of the potential function

I(h) = 7{ Qo0 + a20x? + a22x%y? + ausox® + aoay® dx
H=1(h) y



Numerically Optimizing the Number of Zeros

e Find coefficients of Z(h) = aooZoo(h) + @20Z20(h) + a22Z22(h) + caoZao(h) + coaZoa(h
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Numerically Optimizing the Number of Zeros

oo = -0.78622148667854837664
Q20 = 0.87723523612653436051
gz = 1
Qa0 = 0.23742713894293038223
oa = -0.21823846173078863753
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Numerically Optimizing the Number of Zeros

oo = -0.78622148667854837664
Q20 = 0.87723523612653436051
gz = 1
Qa0 = 0.23742713894293038223
oa = -0.21823846173078863753
2
(x107%)
1}l i
0
1k i
_g Ll I I h | |
—0.5 —0.45 —0.4 —0.35 —0.3 —0.25

I h
-0.315 -0.310 -0.305

4X542x%X2=24 .



Computing Abelian Integrals

H(x,y) = (x*=0.9)°+(y*—1.1) 0<vVh=1r<09
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Computing Abelian Integrals

H(x,y) = (x*=0.9)°+(y*—1.1) 0<vVh=1r<09
Xemin = 1 /0.9 — — Xmax = 1 /0.9 + —
0 1 V2 V2
Ymin = 4/1.1— - Ymax = 4/1.1+ -
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Computing Abelian Integrals

H(x,y) = (x*=0.9)°+(y*—1.1)

0<Vvh=:r<0.9

Xmin = 4 /0.9 — é Xmax = 1/0.9 + \L@

Ymin = 11—% Ymax = 1.1+\%
yup() = \/1.1+\/m
Jaoun() = 11— [~ (2 092
Xee (V) = \/0.9 - \/m
Xight (V) = \/0-9+ V-2 - 112
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Computing Abelian Integrals

H(x,y) = (x*—0.9)*4+(y*—1.1)° 0<vh=:r<09
Xmin = 0.9 — L Xmax — 0.9 + L
. % v
Ymin = 11_L Ymax = :I-]-“FL
V2 V2

yup(¥) = /L1 +4/r? = (x* = 0.9)

Ydown (X) = 4/1.1 —4/r? -09

Xefe(¥) =1/0.9 — /r2 — (y2 — 1.1)2

= = = =

Xright( ) = 0.9 + r2 ( 2 1.1)2

C -z, SGem [ (L) S0Vl o,
1

b e ( g(nege(1)s) g(x,ight(y),n) 11
+/ ( Xefe(¥) + Xyight () V= (2 —1.1)2

dy.10

Ymin



Computing Abelian Integrals

H(x,y) = (x*—0.9)*+(y*—1.1)° 09<Vvh=1r<11
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Computing Abelian Integrals

H(x,y) = (x*—0.9)*+(y*—1.1)° 09<Vvh=1r<11
Xemin = 0 Xmax = 1 /0.9 + —
min max — . \/§
11— = — J11y "~
Ymin = \/i Ymax = 5 \/i

al (. ) _ gxy) o [me (806 yue(¥) 80 Ydown (X)) o
GQ ) ﬁfl(h) y ‘ /—Xmax< Yup(x) Ydown (X) )d

S P /y'“'"x & (Xight () Y)(y® — 1.1)

& dy. 10
Yenin  Xeight V) V/r2 — (y2 —1.1)2




A bit of Coq code

akil,



